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Point Cloud Data

approximate a function f : IRd → IRd′

data set X ⊂ IRd of data points xi, i = 1, ..., N

values yi ∈ IRd′, yi = f(xi)

approximation problem:

for any query point x ∈ IRd find a value y = f̃(x)

the approximation y = f̃(x) should be good only for
queries x that are “close” to the set X

example from Climate Modelling:

Find f : IR220 → IR33 using N = 98, 304 training points
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Curse of Dimensionality

no chance for good approximation, if the distribution
ρ of the points of interest has full dimensionality

X is a sample of N independent drawings identically
distributed according to ρ

how to find an approximation which is good in the
regions of concentration of ρ using only the
information received from the point cloud

Learning Problem: approximation with respect to a
norm generated by the unknown probability measure ρ

how to define/calculate the approximation
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What is a function?

... for any x ∈ X it gives a value y = f̃(x)

Find a procedure f̃(x) based on the point cloud data
with the following properties:

uses limited amount of precomputed quantities

preprocessing step requires reasonable amount of time
and other resources (memory, processing units, etc.)

allows streaming data acquisition without significant
effect on the performance

fast computations for each query x

good error/reliability estimates
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Parametric Methods

generalized additive models, projection pursuit,
artificial neural networks

although these methods has been applied successfully
in a large number of applications, they have some
drawbacks:

the set of functions that are well approximated is
typically small
the right model has to be determined a priori
the solution involves a nonlinear optimization

problem, a demanding and time consuming process
the size N of the data is severely limited
cannot easily adjust to new data
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Nonparametric Methods

try to fit the function f locally by partitioning the input
space and then using a simple model to approximate it

piecewise constant approximation:
a well-behaved function in high dimensions deviates
from its local mean or median only on sets of small
measure (concentration of measure phenomenon)

for any query point x determine its k nearest
neighbors – very demanding procedure

approximate nearest neighbors – good only for
moderate dimensions (d < 20)

our methods – based on multilevel ideas
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The Problem of Neighbors

Neighborhood Problem. Given a set V ⊂ ZZd of d-dimensional
integer points and query point w ∈ ZZd, find the set
N (w) := (w + [−1, 1]d) ∩ V .
There are several possible algorithmic approaches to solve this problem.
One can try to solve it exactly which in its full generality eventually would
require either Ω(N) time for a single query or 2Ω(d) of space at the
preprocessing step (i.e it is NP-hard). It is shown that the problem of
finding a 3-approximate nearest neighbor (a slightly easier problem than
the one above) would have solved the following problem for which there
are some hardness results:

Subset Query Problem. Given M sets S1, ..., SM such that
Si ⊂ S := {1, ..., d}, devise a data structure which for every
query set Q ⊂ S, does the following: if there exists Si such
that Si ⊂ Q then return Si, else return NO.
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Multiresolution Methods

tree to describe the relations between levels of
resolution

initial domain related to the root of the tree

each node of the tree corresponds to a cell (hypercube
or simplex)

sparse occupancy trees – a subtree that relates only to
the cells occupied by the point cloud

additional structures to maintain relations between
neighboring regions (vertices in the simplex partition)
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Tree for a Partition
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Occupancy Tree
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Sparse Occupancy Tree
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Sparse Occupancy Trees

Special indexing of the objects that allows fast access and
cross level communications in multiresolutional settings
(applications include very high dimensional problems > 100)

adaptive space partition that keeps the information at
the level of detail (just) necessary for the problem to be
solved

key-words: one letter for each level to show the position
inside of the parent cell on that level

complexity is limited by the number of points

the memory is limited by the number of occupied cells
at the finest level

if required, only a small part of the point cloud can be
kept in the fast memory
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Piecewise Constant Approximation

refinement: subdivide each cell into 2 or 2d subcells

use a sparse occupancy tree

store the data points in a special order Ã the points in
each occupied cell form an interval in the list

the approximation f̃(x) is the average of the data
values yi from the smallest occupied cell containing x

very fast method but the accuracy is not very high

improve the approximation using random translations
(and rotations) of the grid and then average the results
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Learning a Function

X – finite domain in IRd

Y – bounded set in IRd′

ρ – a probability measure on Z := X × Y

regression function fρ(x) – the conditional
expectation of the random variable y at x

fρ(x) :=
∫
Y

y dρ(y|x)

ρ(y|x) – the conditional probability measure on Y with respect to x

Problem: Find an estimator fZ for fρ based on a vector
Z = (z1, . . . , zN) ∈ ZN of N independent random
observations zi = (xi, yi), i = 1, . . . , N identically distributed
according to ρ

SPARSE OCCUPANCY TREES – p. 15/31



Empirical Solution

fρ := argmin
f∈L2(ρX)

E(f), where E(f) :=

∫

Z

|y − f(x)|2 dρ

Empirical Problem:

fZ := argmin
f∈H

EZ(f), where EZ(f) :=
1

N

N∑

i=1

∣∣yi − f(xi)
∣∣2

Hypothesis Class H – depends on n parameters

Error estimates in terms of the sample size N

Prob
{
‖fρ − fZ‖L2(ρX) ≥ η

}
or E

(
‖fρ − fZ‖L2(ρX)

)

Note: The underlying probability distribution ρ is unknown
and no assumptions are made
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A strategy for constructing fZ

Choose set H to provide approximation fZ

Let fH be the best L2(X, ρX) approximation to fρ:

‖fρ − fH‖ = dist(fρ,H)L2(X,ρX)

‖fρ − fZ‖
2 ≤ ‖fρ − fH‖

2

︸ ︷︷ ︸
BIAS

+ ‖fH − fZ‖
2

︸ ︷︷ ︸
VARIANCE

“=” if fρ − fH ⊥ H

Making H larger makes Bias smaller but Variance larger
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Adaptive Learning

Universal Estimators
[Binev, Cohen, Dahmen, DeVore, Temlyakov] Universal algorithms in learning

theory - Part I : piecewise constant functions, JMLR 6 (2005), 1297–1321.

Adaptive Partitioning

• wavelet-like decomposition f =
∑

λ

ξλ(f)ψ̃λ

• ψ̃λ are unknown but can find estimates for |ξλ(f)|

• threshold: Λ(η, f) = {λ : |ξλ(f)| ≥ η}

• complete Λ(η, f) to a tree τ with leaves L(τ)

• compute empirical coefficients ĉλ(Z) for
∑

λ∈L(τ)

cλ(f)φλ
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Partition by Sparse Occupancy Tree
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Finding the Partition

in place of wavelet coefficients, find:

αλ(Z) :=
1

N

N∑

i=1

yi χ
λ(x

i) and ρλ(Z) :=
1

N

N∑

i=1

χ
λ(x

i)

ε2λ :=



∑

ν∈C(λ)

|αν(Z)|2

ρν(Z)


−

|αλ(Z)|2

ρλ(Z)
, C(λ) Ã children of λ

ε2λ ! sum of squares of wavelet coefficients ξν at C(λ)

threshold ελ at η := κ

√
log N

N
and complete to a tree
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Approximation Rates for Universal Algorithm

Approximation class As(X, ρX): fρ ∈ As(X, ρX) ⇔ fρ can be

approximated using partitions with n elements to accuracy O(n−s/d)

Theorem 1 For all β > 0 whenever fρ ∈ As(X, ρX) for
some s > 0, the following concentration estimate holds

Prob

{
‖fρ − fZ‖L2(ρX) ≥ c̃

(
N

logN

)− s
d+2s

}
≤ CN−β,

as well as the convergence rate

E
(
‖fρ − fZ‖

2
L2(ρX)

)
≤ C

(
N

logN

)− 2s
d+2s
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Problems with Piecewise Constants

the algorithm is very fast

the accuracy is not very high

the approximation depends heavily on the partition

in general, neighboring points are combined only if the
tree distance between them is small

improve the approximation using random shifts of the
grid to generate several different trees

the approximation at each query is the (weighted)
average of the results for all the trees
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Simplices – piecewise linear approximation

refinement via edge bisection of a predetermined edge
– the edge is identified based on a special indexing of its vertices

sparse occupancy binary tree with depth L
– e.g. L = d| log ε| where ε is the precision of the data

S – set of occupied simplices;
Sk simplices from S at level k or higher

V – vertices of the simplices from S

values from V produce piecewise linear function
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Simplices – approximation scheme

Nk(v) =
{
xi ∈ X ∩ S : v ∈ S ∈ Sk

}

– neighborhood of a vertex v which appears
on or before level k

fk(v) :=





average of yi for xi ∈ Nk(v)

fk−1(v) if Nk(v) is empty

f0 is the average of all data values

fk is linear inside the simplices from Sk

effective computation of fL(x) – uses the values at
just L+ d vertices of the simplices containing x
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Simplices – algorithm

each simplex has an identifier consisting of L bits and
is found by twice that many operations

the occupied simplices are sorted by their identifier

there are at most LN vertices of occupied simplices

except for the starting d+ 1 vertices, each new vertex
is created as a midpoint of an edge – it can be identified
by the two end vertices of the edge

vertex identifier consists of 2 log(LN) bits

all the computations of aggregated values at the vertices could be
performed in a need-to-know basis, if there is not enough storage
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Piecewise Linear Approximation

in high dimensions the aim to achieve quadratic
convergence is not realisticÃ requires very accurate
values at the vertices

the motivation is to overcome the tree distance problem

the (training) data points contribute to the values at the
neighboring vertices regardless of their place in the tree

the answer to a query is the weighted average of the
training samplesÃ diminishes the variance of the
approximationÃ solution to the regression problem

could result in globally continuous piecewise linear
function
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Example: Friedman 2 data set

Approximate the function f(x1, x2, x3, x4) =

s

x2
1 +

„

x2x3 −
1

x2x4

«2

where the data is

uniformly distributed over 0 ≤ x1 ≤ 100, 40π ≤ x2 ≤ 560π, 0 ≤ x3 ≤ 1, 1 ≤ x4 ≤ 11.

The function has variance 3752. The `2-norm of the error is measured on an i. d. data test set.

1,000 pts. 10,000 pts. 100,000 pts. 1,000,000 pts.

k = 1 neighbors 83.1134 45.6397 18.9724 13.9701

k = 10 neighbors 65.5309 28.6937 14.2602 7.4137

optimal k 5 11 18 31

error for that k 62.5134 28.6830 13.7265 6.5865

dyadic cubes 115.894 65.4261 37.8324 21.2190

simplices 142.638 84.5237 47.9805 27.8929

binary cubes (BC) 119.475 65.1913 35.9613 20.8540

10 shifts with BC 75.4826 38.8928 19.7915 14.5742

50 shifts with BC 66.2124 35.9743 19.6445 10.4952

p.w. linear 65.2440 29.7608 14.0904 7.0289

# of vertices 8, 911 86, 303 837, 773 8, 225, 310
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Example: Friedman 3 data set

Approximate the function f(x1, x2, x3, x4) = arctan
“

x2x3−(x2x3)−1

x1

”

where the data is

uniformly distributed over 0 ≤ x1 ≤ 100, 40π ≤ x2 ≤ 560π, 0 ≤ x3 ≤ 1, 1 ≤ x4 ≤ 11.

The function has variance 0.3165252. The `2-norm of the error is measured on an i. d. data test set.

1,000 pts. 10,000 pts. 100,000 pts. 1,000,000 pts.

k = 1 neighbors 0.155238 0.103645 0.0692366 0.0439895

k = 10 neighbors 0.140372 0.090571 0.0570974 0.0355295

optimal k 5 5 5 6

error for that k 0.135107 0.086897 0.0556544 0.0347881

dyadic cubes 0.202478 0.116544 0.0811854 0.0602853

simplices 0.176661 0.119120 0.0887659 0.0491299

binary cubes (BC) 0.215195 0.118146 0.0843254 0.0648410

10 shifts with BC 0.140396 0.094879 0.0585261 0.0362686

50 shifts with BC 0.139053 0.092217 0.0604940 0.0368731

p.w. linear 0.096055 0.060181 0.0336853 0.0199746

# of vertices 8, 911 86, 303 837, 773 8, 225, 310
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Example: Submanifold data set

Approximate the function f(x1, .., x20) = sin
“

2π
P20

j=1 xj

”

where the data is uniformly

distributed over a randomly chosen 5-dimensional sphere in [0, 1]20.

1,000 pts. 10,000 pts. 100,000 pts. 1,000,000 pts.

k = 1 neighbors 0.629136 0.376805 0.218324 0.123483

k = 10 neighbors 0.590996 0.293347 0.136615 0.0671632

optimal k 3 5 9 18

error for that k 0.539988 0.280663 0.136575 0.0643436

dyadic cubes 0.660760 0.461315 0.284637 0.165377

simplices 0.667239 0.474227 0.287510 0.166394

binary cubes (BC) 0.699489 0.502764 0.354782 0.230808

10 shifts with BC 0.638401 0.408558 0.233137 0.116529

50 shifts with BC 0.584682 0.327386 0.186034 0.108537

p.w. linear 0.501392 0.294926 0.150229 0.066725

# of vertices 53, 271 516, 167 5, 085, 728 50, 918, 786
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Complexity of the Algorithms

The tables below show the computational times (in seconds) needed to
process a training and a test data set of 106 points each on a computer
with 2.3 GHz AMD Opteron processor.

Friedman 1 data set: function f(x1, .., x10) = 10 sin(πx1x2) + 20(x3 − 0.5)2 + 10x4 + 5x5 is

sampled uniformly in [0, 1]10.

50 random shifts p. w. linear k-N.N. Ã k = 9 Approx. N.N.Ã ε = 4

training 285 112 8 8

evaluation 688 157 2439 86

error 1.1639 1.48756 0.976907 1.16764

Sinus Wave data set: function f(x1, .., x20) = sin
“

2π
P20

j=1 xj

”

is sampled uniformly in [0, 1]20.

50 random shifts p. w. linear k-N.N. Ã k = 17 Approx. N.N.Ã ε = 1

training 463 437 18 18

evaluation 951 354 159, 929 6, 043

error 0.371329 0.221245 0.276657 0.277038
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Coffee Break

MERSI !
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